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IDENTIFICATION OF BEREZIN-TOEPLITZ DEFORMATION 

QUANTIZATION 

ALEXANDER V. KARABEGOV AND MARTIN SCHLICHENMAIER 

Abstract. We give a complete identification of the deformation quantization which 
was obtained from the Berezin-Toeplitz quantization on an arbitrary compact Kahler 
manifold. The deformation quantization with the opposite star-product proves to be 
a differential deformation quantization with separation of variables whose classifying 
form is explicitly calculated. Its characteristic class (which classifies star-products 
up to equivalence) is obtained. The proof is based on the microlocal description of 
the Szego kernel of a strictly pseudoconvex domain given by Boutet de Monvel and 
Sjostrand. 



1. Introduction 

In the seminal work ]TJ Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer drew 
the attention of both physical and mathematical communities to a well posed mathe- 
matical problem of describing and classifying up to some natural equivalence the formal 
associative differential deformations of the algebra of smooth functions on a manifold. 
The deformed associative product is traditionally denoted * and called star-product. 

If the manifold carries a Poisson structure, or a symplectic structure (i.e. a non- 
degenerate Poisson structure) or even more specific if the manifold is a Kahler manifold 
with symplectic structure coming from the Kahler form one naturally asks for a de- 
formation of the algebra of smooth functions in the "direction" of the given Poisson 
structure. According to [l|] this deformation is treated as a quantization of the corre- 
sponding Poisson manifold. 

Due to work of De Wilde and Lecomte fl4j] , Fedosov |18 |, and Omori, Maeda and 



Yoshioka [32] it is known that every symplectic manifold admits a deformation quan- 



tization in this sense. The deformation quantizations for a fixed symplectic structure 
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can be classified up to equivalence by formal power series with coefficients in two- 
dimensional cohomology of the underlying manifold, see 0, [[TjJ, |I7|], [31|, j|(J. Kont- 



sevich [^7| showed that every Poisson manifold admits a deformation quantization and 
that the equivalence classes of deformation quantizations on a Poisson manifold can be 
parametrized by the formal deformations of the Poisson structure. 

Despite the general existence and classification theorems it is of importance to study 
deformation quantization for manifolds with additional geometric structure and ask for 
deformation quantizations respecting in a certain sense this additional structure. Exam- 
ples of this additional structure are the structure of a complex manifold or symmetries 
of the manifold. 

Another natural question in this context is how some naturally defined deformation 
quantizations fit into the classification of all deformation quantizations. 

In this article we will deal with Kahler manifolds. Quantization of Kahler manifolds 
via symbol algebras was considered by Berezin in the framework of his quantization 
program developed in @,||. In this program Berezin considered symbol algebras with 
the symbol product depending on a small parameter h which has a prescribed semi- 
classical behavior as fi — > 0. To this end he introduced the covariant and contravariant 
symbols on Kahler manifolds. However, in order to study quantization via symbol al- 
gebras on Kahler manifolds he, as well as most of his successors, was forced to consider 
Kahler manifolds which satisfy very restrictive analytic conditions. These conditions 
were shown to be met by certain classes of homogeneous Kahler manifolds, e.g., C n , 
generalized flag manifolds, Hermitian symmetric domains etc. The deformation quan- 
tization obtained from the asymptotic expansion in h as H — > of the product of 
Berezin's covariant symbols on these classes of Kahler manifolds was studied in a num- 
ber of papers by Moreno, Ortega-Navarro (P5|, f50fl); Cahen, Gutt, Rawnsley (|PH, fl2 



[|13|j); see also po| . This deformation quantization is differential and respects the sep- 
aration of variables into holomorphic and anti-holomorphic ones in the sense that left 
star-multiplication (i.e. the multiplication with respect to the deformed product) with 
local holomorphic functions is pointwise multiplication, and right star-multiplication 
with local anti-holomorphic functions is also point-wise multiplication, see Section [2] 
for the precise definition. It was shown in |22| that such deformation quantizations 
"with separation of variables" exist for every Kahler manifold. Moreover, a complete 
classification (not only up to equivalence) of all differential deformation quantizations 
with separation of variables was given. They are parameterized by formal closed forms 
of type (1,1). The basic results are sketched in Section || below. Independently a 
similar existence theorem was proven by Bordemann and Waldmann |7j along the lines 
of Fedosov's construction. The corresponding classifying (l,l)-form was calculated in 
p6fl . Yet another construction was given by Reshetikhin and Takhtajan in j34j. They 



directly derive it from Berezin's integral formulas which are treated formally, i.e., with 
the use of the formal method of stationary phase. The classifying form of deformation 
quantization from p|| can be easily obtained by the methods developed in this paper. 
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In [plj Englis obtained asymptotic expansion of Berezin transform on a quite general 



class of complex domains which do not satisfy the conditions imposed by Berezin. 

For general compact Kahler manifolds (M,a>_i) which are quantizable, i.e. admit a 
quantum line bundle L it was shown by Bordemann, Meinrenken and Schlichenmaier || 
that the correspondence between the Berezin- Toeplitz operators and their contravariant 
symbols associated to L m has the correct semi-classical behavior as m — > oo. Moreover, 
it was shown in []55||,[5B|, [53] that it is possible to define a deformation quantization 



via this correspondence. For this purpose one can not use the product of contravariant 
symbols since in general it can not be correctly defined. 

The approach of was based on the theory of generalized Toeplitz operators due to 
Boutet de Monvel and Guillemin ||, which was also used by Guillemin in his proof 



of the existence of deformation quantizations on compact symplectic manifolds. 



The deformation quantization obtained in [ftq] , ||36|| , which we call the Berezin- Toeplitz 
deformation quantization, is defined in a natural way related to the complex structure. 
It fulfils the condition to be 'null on constants' (i.e. 1 -kg — g-k 1 = g), it is self-adjoint 



(i.e. / * g = g * /), and admits a trace of certain type (see for details). 

As one of the results of this article we will show that the Berezin- Toeplitz deformation 
quantization is differential and has the property of separation of variables, though 
with the roles of holomorphic and antiholomorphic variables swapped. To comply with 
the conventions of |22| we consider the opposite to the Berezin- Toeplitz deformation 
quantization (i.e., the deformation quantization with the opposite star-product) which 
is a deformation quantization with separation of variables in the usual sense. 

We will show how the Berezin- Toeplitz deformation quantization fits into the classi- 



fication scheme of [ 22[| . Namely, we will show that the classifying formal (l,l)-form of 



its opposite deformation quantization is 

. . 1 

(1.1) LO = + UJ can , 

where v is the formal parameter, uj_i is the Kahler form we started with and uj can is the 
closed curvature (l,l)-form of the canonical line bundle of M with the Hermitian fibre 



metric determined by the symplectic volume. Using |23| and Ql.l]) we will calculate 
the classifying cohomology class (classifying up to equivalence) of the Berezin- Toeplitz 
deformation quantization. This class was first calculated by E. Hawkins in by K- 
theoretic methods with the use of the index theorem for deformation quantization (W~ 



0)- 

In deformation quantization with separation of variables an important role is played 
by the formal Berezin transform / i— > 1(f) (see |[24|| ). In this paper we associate to 
a deformation quantization with separation of variables also a non-associative "formal 
twisted product" (/, g) \— > Q(f, g). Here the images are always in the formal power series 
over the space C°°(M). In the compact Kahler case by considering all tensor powers 



L m of the line bundle L and with the help of Berezin-Rawnsley's coherent states 153 



it is possible to introduce for every level m the Berezin transform and also some 
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"twisted product" Q^ m \ The key result of this article is that the analytic asymptotic 
expansions of I^ m \ resp. of define formal objects which coincide with / and Q for 
some deformation quantization with separation of variables whose classifying form u is 
completely determined in terms of the form u (Theorem |5.9|) . To prove this we use the 
integral representation of the Szego kernel on a strictly pseudoconvex domain obtained 
by Boutet de Monvel and Sjostrand in and a theorem by Zelditch |41| based on ||. 
We also use the method of stationary phase and introduce its formal counterpart which 
we call " formal integral" . 

Since the analytic Berezin transform J*" 1 ) has the asymptotics given by the formal 
Berezin transform it follows also that the former has the expansion 

(1.2) I {m) =id + -A + 0(^), 

where A is the Laplace-Beltrami operator on M. 

It is worth mentioning that the above formal form uj is the formal object correspond- 
ing to the asymptotic expansion of the pullback of the Fubini-Study form via Kodaira 
embedding of M into the projective space related to L m as m — > +oo. This asymptotic 
expansion was obtained by Zelditch in plj as a generalization of a theorem by Tian 



39 



The article is organized as follows. In Section |2] we recall the basic notions of deforma- 
tion quantization and the construction of the deformation quantization with separation 
of variables given by a formal deformation of a (pseudo-)Kahler form. 

In Section |3| formal integrals are introduced. Certain basic properties, like uniqueness 
are shown. 

In Section |] the covariant and contravariant symbols are introduced. Using Berezin- 
Toeplitz operators the transformation 1^ and the twisted product are introduced. 
Integral formulas for them using 2-point, resp. cyclic 3-point functions defined via the 
scalar product of coherent states are given. 

Section [5] contains the key result that J*" 1 -* and Q^> admit a well-defined asymptotic 
expansion and that the formal objects corresponding to these expansions are given by 
/ and Q respectively. 

Finally in Section ||| the Berezin- Toeplitz star product is identified with the help of 
the results obtained in Section ||. 

Acknowledgements. We would like to thank Boris Fedosov for interesting discus- 
sions and Mirsolav Englis for bringing the work of Zelditch to our attention. A.K. 
thanks the Alexander von Humboldt foundation and the DFG for support and the 
Department of Mathematics at the University of Mannheim for a warm hospitality. 
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2. Deformation quantizations with separation of variables 

Given a vector space V, we call the elements of the space of formal Laurent series 
with a finite principal part V[f _1 ,i']] formal vectors. In such a way we define formal 
functions, differential forms, differential operators, etc. However we shall often call 
these formal objects just functions, operators, and so on, omitting the word formal. 

Now assume that V is a Hausdorff topological vector space and v(m), m 6 1, is a 
family of vectors in V which admits an asymptotic expansion as m — > oo, v(m) ~ 
^ r , >ro (l/m r )f r ,, where tq G Z. In order to associate to such asymptotic families the cor- 
responding formal vectors we use the "formalizer" F : v(m) i— > ^2 r>ro v T v r G V[v^ 1 , u]]. 

Let (M, a>_i) be a real symplectic manifold of dimension 2n. For any open subset 
U C M denote by J-(U) = C°° (U)^ 1 , u\] the space of formal smooth complex- valued 
functions on U. Set J 7 = JF(M). Denote by K = C[z/ _1 , u]] the field of formal numbers. 

A deformation quantization on (M, u;_i) is an associative K-algebra structure on J 7 , 
with the product * (named star-product) given for / = ^2^fj, g = ^v k gk £ -T 7 by 
the following formula: 

(2.1) /*<7 = XV E Wi.fflO- 



In (|2~T| ) C r , r = 0, 1, . . . , is a sequence of bilinear mappings C r : C°°(M) x C°°(M) — > 
C°°(M) where C (^, V) = ^ and Ci(p,V) - C x {^,(p) = for (p,ij) E C°°{M) 

and {•, •} is the Poisson bracket corresponding to the form u;_i. 

Two deformation quantizations (J 7 , *i) and (J 7 , on (M, lo-x) are called equivalent 
if there exists an isomorphism of algebras B : (JF, *i) — > (JF, ^ 2 ) of the form B = 
1 + vB\ + z/ 2 i?2 + • • • , where Bk are linear endomorphisms of C°°(M). 

We shall consider only those deformation quantizations for which the unit constant 
1 is the unit in the algebra (J 7 , *) . 

If all C r , r > 0, are local, i.e., bidifferential operators, then the deformation quanti- 
zation is called differential. The equivalence classes of differential deformation quanti- 
zations on (M, uj-i) are bijectively parametrized by the formal cohomology classes from 
(l/iv)[u-i\ +H 2 (M, C[[i/]]). The formal cohomology class parametrizing a star-product 
* is called the characteristic class of this star-product and denoted c/(*). 

A differential deformation quantization can be localized on any open subset U C M. 
The corresponding star-product on J-(U) will be denoted also 

For fjgEj 7 denote by Lf,R g the operators of left and right multiplication by f,g 
respectively in the algebra (J 7 ,*), so that Ljg = f * g = R g f. The associativity of the 
star-product * is equivalent to the fact that L f commutes with R g for all f,gET. If 
a deformation quantization is differential then Lf,R g are formal differential operators. 

Now let (M,U-i) be pseudo-Kahler, i.e., a complex manifold such that the form cj_i 
is of type (1,1) with respect to the complex structure. We say that a differential defor- 
mation quantization (J 7 ,*) is a deformation quantization with separation of variables 
if for any open subset U C M and any holomorphic function a and antiholomorphic 
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function b on U the operators L a and Rb are the operators of point-wise multiplication 
by a and b respectively, i.e., L a = a and Rb = b. 

A formal form ui = (l/i/)a>_i + u>o + fuii + . . . is called a formal deformation of the 
form (l/v)u-i if the forms u r , r > 0, are closed but not necessarily nondegenerate 
(l,l)-forms on M. 

It was shown in j32[ that all deformation quantizations with separation of variables 



on a pseudo-Kahler manifold (M, 0J-1) are bijectively parametrized by the formal de- 
formations of the form (1/V)u;_i. 

Recall how the star-product with separation of variables * on M corresponding to the 
formal form u — (1/ z/)co>_i + c^o + vu\ + . . . is constructed. For an arbitrary contractible 
coordinate chart U C M with holomorphic coordinates {z k } let $ = + $o + 

z/$! + . . . be a formal potential of the form u on U, i.e., = — z<9<9$ (notice that in 



22j - [£6] a potential $ of a closed (l,l)-form cj is defined via the formula u = idd<&). 

The star-product corresponding to the form u is such that L d $/ dz k = d&/dz k +d/dz k 
and Rg$/Qzi = d$/dz l + d/dz l on U . The set C(U) of all left multiplication operators 
on U is completely described as the set of all formal differential operators commuting 
with the point-wise multiplication operators by antiholomorphic coordinates R 2 i = z l 
and the operators Rd$>/dz l — d§/dz l + d/dz l . One can immediately reconstruct the 
star-product on U from the knowledge of C{U). The local star-products agree on the 
intersections of the charts and define the global star-product * on M. 

One can express the characteristic class c/(*) of the star-product with separation 
of variables * parametrized by the formal form uj in terms of this form (see p3f ). 



Unfortunately, there were wrong signs in the formula for cl(*) in |23| which should be 
read as follows: 

(2.2) cl(*) = (l/i)(M-e/2), 

where e is the canonical class of the complex manifold M, i.e., the first Chern class of 
the canonical holomorphic line bundle on M. 

Given a deformation quantization with separation of variables (J 7 , *) on the pseudo- 
Kahler manifold (M, one can introduce the formal Berezin transform I as the 
unique formal differential operator on M such that for any open subset U C M, holo- 
morphic function a and antiholomorphic function b on U the relation I(ab) = b * a 
holds (see [0]). One can check that 1 = 1 + vA + . . . , where A is the Laplace-Beltrami 
operator corresponding to the pseudo-Kahler metric on M. The dual star-product * 
on M defined for /, g G T by the formula fig = I~ x (Ig * If) is a star-product with 
separation of variables on the pseudo-Kahler manifold (M, —uj_i). For this deformation 
quantization the formal Berezin transform equals J -1 , and thus the dual to * is again 

Denote by Q = —(l/u)u-x + ujq + vu)\ + . . . the formal form parametrizing the star- 
product *■. The opposite to the dual star-product, *' = * op , given by the formula f-k'g = 
f *Ig), also defines a deformation quantization with separation of variables on M 
but with the roles of holomorphic and antiholomorphic variables swapped. Differently 
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said, (J 7 , *') is a deformation quantization with separation of variables on the pseudo- 
Kahler manifold (M, u;_i) where M is the manifold M with the opposite complex 
structure. The formal Berezin transform I establishes an equivalence of deformation 
quantizations (J 7 , *) and (J 7 ,*'). 

Introduce the following non-associative operation Q(-,-) on J 7 . For f,g E J 7 set 
Q{fi flO = If * I9 = I(f *' fl 1 ) = 1(9* f)- We shall call it formal twisted product. The 
importance of the formal twisted product will be revealed later. 

A trace density of a deformation quantization (J 7 , *) on a symplectic manifold M is 
a formal volume form fi on M for which the functional tz(f) = f M ffi, f E J 7 , has the 
trace property, K{f*g) = n(g*f) for all f,g E J 7 where at least one of the functions /, g 
has compact support. It was shown in p4j that on a local holomorphic chart (U, {z k }) 



any formal trace density /1 can be represented in the form c{y) exp($ + ty)dzdz } where 
c{v) E K is a formal constant, dzdz = dz l . . . dz n dz 1 . . . dz n is the standard volume on 
U and $ = + . . . , \1/ = (l/u)^-i + . . . are formal potentials of the forms u,uj 

respectively such that the relations 

(2.3) d<$?/dz k = -I(d^/dz k ), d$/dz l = -I{d^/dz l ), and $_i + = 
hold. Vice versa, any such form is a formal trace density. 



3. Formal integrals, jets, and almost analytic functions 

Let = (1/V)0_i + 0o + v<f>i + • • • and // = /x + ^1 + • • • be, respectively, a 
smooth complex-valued formal function and a smooth formal volume form on an open 
set U C M n . Assume that x E U is a nondegenerate critical point of the function 0_i 
and /^o does not vanish at x. We call a K-linear functional K on T{U) such that 

(a) 7^ = 7^0 + ^-^l + • • • is a formal distribution supported at the point x; 

(b) Kq = 5 X is the Dirac distribution at the point x; 

(c) K(l) = 1 (normalization condition); 

(d) for any vector field ^ on U and / E F{U) K(£f + + div^)/) = °> 

a (normalized) formal integral at the point x associated to the pair (0, //). 

It is clear from the definition that a formal integral at a point x is independent of a 
particular choice of the neighborhood U and is actually associated to the germs of (0, fi) 
at x. Usually we shall consider a contractible neighborhood U such that /x vanishes 
nowhere on U. 

We shall prove that a formal integral at the point x associated to the pair (0, /i) is 
uniquely determined. One can also show the existence of such a formal integral, but 
this fact will neither be used nor proved in what follows. 

We call two pairs (0, fi) and (0', fi') equivalent if there exists a formal function u = 
uo + vu\ + . . . on U such that 0' = — u, fi' = e u fi. 

Since the expression £0 + div^£ remains invariant if we replace the pair (0, fi) by an 
equivalent one, a formal integral is actually associated to the equivalence class of the 
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pair (0, fi). This means that a formal integral actually depends on the product e^\x 
which can be thought of as a part of the integrand of a "formal oscillatory integral". 
In the sequel it will be shown that one can directly produce formal integrals from the 
method of stationary phase. 

Notice that if K is a formal integral associated to a pair (0, /i) it is then associated 
to any pair (0, c(z/)/i), where c(v) is a nonzero formal constant. 

It is easy to show that it is enough to check condition (d) for the coordinate vector 
fields d/dx k on U. Moreover, if U is contractible and such that /io vanishes nowhere on 
it, one can choose an equivalent pair of the form (0', dx), where dx = dx 1 . . . dx n is the 
standard volume form. 

Proposition 3.1. A formal integral K = K + vK\ + . . . at a 'point x, associated to a 
pair (0 = (l/u)4>-i + 4>o + v<t>i + ...,//) is uniquely determined. 

Proof. We assume that K is defined on a coordinate chart (U, {x k }), /i = dx, and take 
/ £ C°°(U). Since div dx (d / dx k ) = 0, the last condition of the definition of a formal 
integral takes the form 

(3.1) K(df/dx k + (d<p/dx k )f) = 0. 

Equating to zero the coefficient at v r , r > 0, of the l.h.s. of (|3.1| ) we get K r (df/dx k ) + 
Y7 s =o Ks((d(f) r _ s /dx k )f) = 0, which can be rewritten as a recurrent equation 

(3.2) K r+ i(id(j)-i/ 'dx k )f) = r.h.s. depending on Kj, j < r. 

Since x is a nondegenerate critical point of <f)-i, the functions dcj)-i/dx k generate the 
ideal of functions vanishing at x. Taking into account that K r+ i(l) = for r > we see 
from ( p.2| ) that K r+ i is determined uniquely. Thus the proof proceeds by induction. □ 



Let V be an open subset of a complex manifold M and Z be a relatively closed subset 
of V. A function / £ C°°(V) is called almost analytic at Z if df vanishes to infinite 
order there. 

Two functions fi, fa £ C°°(y) are called equivalent at Z if fi — f'2 vanishes to infinite 
order there. 

Consider open subsets U C MJ 1 and U C C n such that U = U fl MJ 1 , and a function 
j £ A function / £ C°°(U) is called an almost analytic extension of / if it is 

almost analytic at U and f\u = f. 

It is well known that every / £ C°°(U) has an almost analytic extension uniquely 
determined up to equivalence. 

Fix a formal deformation uo = (l/i/)o;_i + uj + vu)\ + . . . of the form (\/v)u)-\ 
on a pseudo-Kahler manifold (M, ct>_i). Consider the corresponding star-product with 
separation of variables *, the formal Berezin transform I and the formal twisted product 
Q on M. We are going to show that for any point x £ M the functional K*(f) = (If) (x) 
on T and the functional on T(M x M) such that K®(f ® g) — Q(f,g)(x) can be 
represented as formal integrals. 
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Let U C M be a contractible coordinate chart with holomorphic coordinates {z k }. 
Given a smooth function f(z, z) on U, where U is considered as the diagonal of U — 
U x U, one can choose its almost analytic extension f(zi,Zi,Z2,Z2) on U, so that 
f(z,z,z,z) = f(z,z). It is a substitute of the holomorphic function /(zi,^) on U 
which in general does not exist. 

Let $ = + $o + ^1 + • • • be a formal potential of the form u on U 

and $ its almost analytic extension on U. In particular, 3>(x,x) = for x G 

Z7. Introduce an analogue of the Calabi diastatic function on [/ x U by the formula 
D(x,y) = y) + x) — — We shall also use the notation D k (x,y) = 

j/) + $*(y, x) - $ fc (x) - $ fe (y) so that -D = + Do + vD x + . . . . 

Let Q be the formal form corresponding to the dual star-product * of the star-product 
*. Choose a formal potential \l/ of the form Co on U, satisfying equation (|2.3| ), so that 
A*tr — e dzdz is a formal trace density of the star-product * on U. 

Theorem 3.2. For any point x G U the functional K£(f) = (If)(x) on J-"(U) is the 
formal integral at x associated to the pair (0 x ,/i fr ), where <fi x (y) = D(x,y). 

Remark. In the proof of the theorem we use the notion of jet of order N of a formal 
function / = ^ v ' fr at a given point. It is also a formal object, the formal series of 
jets of order N of the functions f r . 

Proof. The condition that x is a nondegenerate critical point of the function (ffL^y) = 
D_i(x,y) directly follows from the fact that $_i is a potential of the non-degenerate 
(l,l)-form U-i. The conditions (a-c) of the definition of formal integral are trivially 
satisfied. It remains to check the condition (d). Replace the pair (0 x ,/i 4r ) by the 
equivalent pair (<f) x + $ + ^ } dzdz) = ($(x,y) + ®(y,x) - + ty(y),dzdz). Put 
x = (z ,z ),y = (z,z). For £ = d/dz k the condition (d) takes the form 

/ (df/dz k + (d/dz k ) ($(Z , Z , z, z) + $(z, Z, Z , Zq) + *(z, z)) f) (z , z ) = 0. 

We shall check it by showing that 

(i) I(df/dz k + (d^/dz k )f) = -If*(d®/dz k ); 

(ii) l((d$(z ,z ,z,z)/dz k )fyz ,z ) = 0; 

(hi) l( K (dHz,z,z ,z )/dz k )fYz ,z ) = (lf*d$/dz k )(z ,z ). 

First, I(df/dz k +(d^/dz k )f) = l((d^> / dz k )*f) = If*I(d^/dz k ) = -I f*(d$/dz k ), 
which proves (i). 

The function if)(z,z) = &(zq, z , z, z) is almost antiholomorphic at the point z = z . 
Thus, the full jet of the function dip/dz k at the point z = z is equal to zero, which 
proves (ii). 

The function 8(z, z) = <9$(z, z, zq, zo)/dz k is almost holomorphic at the point z = zq. 
For a holomorphic function a we have I(af) = I(a*f) = I f * la = I f * a. Since 
I(9f)(zo,zo) and (If * Q)(zq, zq) considered modulo u N depend on the jets of finite 
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order of the functions 9 and / at the point zq taken modulo v N> for sufficiently big 
N', we can approximate 9 by a formal holomorphic function a making sure that the 
jets of sufficiently high order of 9 and a at the point Zq coincide modulo u . Then 
I(9f)(z ,z ) = I(af)(z ,z ) = (If * a)(zo,zo) = (If * 9)(z ,z ) (mod u N ). Since N 
is arbitrary, I(9f)(zo,Zo) = (If * 9)(zq, Zq) identically. The functions d$/dz k and 9 
have identical holomorphic parts of jets at the point Zq, i.e., all the holomorphic partial 
derivatives (of any order) of these functions at the point z coincide. Since a left 
star-multiplication operator of deformation quantization with separation of variables 
differentiates its argument only in holomorphic directions, we get that (I f *9)(z Q , z ) = 
(If-k(d§/dz k ))(z ,z ). This proves (iii). 

The check for £ = d/dz l is similar, which completes the proof of the theorem. □ 

The following lemma and theorem can be proved by the same methods as Theo- 



rem 3.2 



Lemma 3.3. For any vector field £ on U and x G U I(£ x <fi x )(x) = 0, where 4> x (y) = 
D(x,y). 

(£, x <p x denotes differentiation of <p x w.r.t. the parameter x.) 

Introduce a 3-point function T on U x U X U by the formula T(x, y, z) = $(x, y) + 
$(y, z) + <&(z, x) - $(x) - $(y) - $(z). 

Theorem 3.4. For any point x G U the functional on T(U x U) such that K®(f ® 
9) — Q(fi9)( x ) is the formal integral at the point (x, x) e U x U associated to the pair 
(^) x ,\i tr ® Utr), where ip x (y,z) = T(x,y,z). 

4. CO VARIANT AND CONTRAVARIANT SYMBOLS 

In the rest of the paper let (M, be a compact Kahler manifold. Assume that 
there exists a quantum line bundle (L,h) on M, i.e., a holomorphic hermitian line 
bundle with fibre metric h such that the curvature of the canonical connection on L 
coincides with the Kahler form u;_i. 

Let m be a non-negative integer. The metric h induces the fibre metric h m on the 
tensor power L m = L® m . Denote by L 2 (L m ) the Hilbert space of square-integrable 
sections of L m with respect to the norm ||s|| 2 = f h m (s)Q, where Q = (l/n\)(u^i) n 
is the symplectic volume form on M. The Bergman projector B m is the orthogonal 
projector in L 2 (L m ) onto the space H m = Thoi(L m ) of holomorphic sections of L m . 

Denote by k the metric on the dual line bundle r : L* —* M induced by h. It is a 
well known fact that D = {a6 L*\k(a) < 1} is a strictly pseudoconvex domain in L*. 
Its boundary X = {a G L*\k(a) = 1} is a ^-principal bundle. 

The sections of L m are identified with the m-homogeneous functions on L* by means 
of the mapping 7 m : s 1— > ip S) where ip s (oi) = (a® m , s(x)) for a G L*. Here (•, ■) denotes 
the bilinear pairing between (L*) m and L m . 

There exists a unique ^-invariant volume form Q on X such that for every / G 
C°°(M) the equality f x (r*f)& = f M fVt holds. 
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The mapping 7 m maps L 2 (L m ) isometrically onto the weight subspace of L 2 (X,Cl) 
of weight m with respect to the S^-action. The Hardy space TC C L 2 (X, fi) of square 
integrable traces of holomorphic functions on L* splits up into weight spaces, 7i = 
®™ =0 H m , where H m = ^ m {H m ). 

Denote by 5* and B m the Szego and Bergman orthogonal projections in L 2 (X,Q) 
onto H and Ti m respectively. Thus S = J2m=o ^m- The Bergman projection B m has a 
smooth integral kernel B m = B m (a,/3) on X x X. 

For each a£l*-0 ('—0' means the zero section removed) one can define a coherent 
state e>a^ as the unique holomorphic section of L m such that for each s G H m (s, e^) = 
ips{oi) where (•, •) is the hermitian scalar product on L 2 (L m ) antilinear in the second 
argument. 

Since the line bundle L is positive it is known that there exists a constant mo such 
that for m > mo dimH m > and all a G L* — 0, are nonzero vectors. From now 
on we assume that m > mo unless otherwise specified. 

The coherent state is antiholomorphic in a and for a nonzero c G C = c m ei" l ' ) . 
Notice that in |1(J coherent states are parametrized by the points of L — 0. 

For s G L 2 (L m ) (s,eL m) ) = {s,B m eT>) = (_S m s,eL m) ) = tfj BmS (a). The mapping 7 m 
intertwines the Bergman projectors B m and B m , for s G L 2 (L m ) ipB m s = B m ip s . Thus, 
on the one hand, (s,e^) = B rn %p s {a) = j x B m (a, f3)i/j s (f3)fl((3). On the other hand, 
(s,e^) = (ip s ,ip e (m)) = J x ip s ([3)ijj e (™)(f3){l(f3). Taking into account that , e^} = 
ip (m)(a) = ip (m)(/3) we finally get that (ei m ' > , e&) = ip (m)(a) = B m (a,(3). In particular, 

one can extend the kernel B m (a,j3) from X x X to a holomorphic function on (L* — 
0) x (L* — 0) such that for nonzero c, d G C 

(4.1) B rn (ca,dp) = (cd) m B m (a,P). 

For a, (3 G L* — the following inequality holds. 



(4.2) 



\B m (a,/3)\= (e 



3 (m) p H 



< 



3 (m)|||| 



(B ro (a,a)B ro 09,/3))s. 



The covariant symbol of an operator A in the space H m is the function cr(A) on M 
such that 



a(A)(x) 



(m) Jm)\ 



for any a G L* — 0. 

Denote by My the multiplication operator by a function / G C°°(M) on sections of 
L m . Define the Berezin-Toeplitz operator Tj m ^ = B, m MfB m in H m . If an operator in 

H m is represented in the form for some function / G C°°(M) then the function / 
is called its contravariant symbol. 
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With these symbols we associate two important operations on C°°(M), the Berezin 
transform 1^ and a non-associative binary operation which we call twisted prod- 
uct, as follows. For f, g e C°°(M) 1^ f = a(r) m) ), Q {m) (f,g) = a(Tj m) T^ m) ). 

We are going to show in Section |5| that both and have asymptotic expansions 
in 1/m as m — > +00, such that if the asymptotic parameter 1/m in these expansions 
is replaced by the formal parameter v then we get the formal Berezin transform I and 
the formal twisted product Q corresponding to some deformation quantization with 
separation of variables on (M, o>_i) which can be completely identified. We shall mainly 
be interested in the opposite to its dual deformation quantization. The goal of this paper 
is to show that it coincides with the Berezin- Toeplitz deformation quantization obtained 
in 



m 



In order to obtain the asymptotic expansions of I^ m ' and Q^ m > we need their integral 
representations. To calculate them it is convenient to work on X rather than on M. 
We shall use the fact that for / G C°°(M), s G T(L m ), ij MfS = (r*f) ■ ifj s . For x G M 
denote by X x the fibre of the bundle X over x, X x = r~ l (x) fl X. For x,y,z G M 
choose a G X x , (3 G X y , 7 G X z and set 

(4.3) u m (x) = B m (a,a), v m (x, y) = B m (a, (3)B m (f3, a), 

w m (x,y,z) = B m (a,(3)B m ([3,j)B m (<y,a). 

It follows from ( |4.1|) that u m (x) , v m (x , y) , w m (x , y , z) do not depend on the choice of 
a,/3, 7 and thus relations ( |4.3|) correctly define functions u m ,v m ,w m . The function w m 
is the so called cyclic 3-point function studied in |fj]. Notice that u m (x) = B m (a,a) = 
||ei m) || 2 > 0, v m (x,y) = B m (a,P)B m (p,a) = \B m {a,(3)\ 2 > and 

(4.4) \w m (x,y,z)\ 2 = v m (x,y)v m (y,z)v m (z,x). 
It follows from flop that 

(4.5) y) < u m (x)u m (y). 
For a G X x we have 

(T (m) (m) (w)n , ( m ) ( m ). 

K ' K n 1 (ei m) ,ei m) > B m (a,a) 

(M f e { r\e^) _ ((r*f)t^^) _ 1 



B m (a,a) B m (a,a) B m (a,a) 



X 



' f B m (a,p)B m {p,a)(T*f){p)n{p) = — ^ / v m (x,y)f{y)Q(y). 



B m {a,a) Jx u m {x) 



M 
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Similarly we obtain that 



(4.7) Q^ m \f,g)(x 
1 



S m (a,/5)S m (/5, 7 )S m (7,«)(r7)(/3)(r^)( 7 )fi(/3)fi(7) 



B m (a,a) j VxA 

1 r 

w m (x, y, z)f(y)g(z)Q(y)Q(z). 



U m \x) JmxM 



5. Asymptotic expansion of the Berezin transform 

In || a microlocal description of the integral kernel S of the Szego projection S 
was given. The results in || were obtained for a strictly pseudoconvex domain with a 
smooth boundary in C n+1 . However, according to the concluding remarks in pL these 



results are still valid for the domain D in L* (see also ||, PHI). 

It was proved in || that the Szego kernel S is a generalized function on X x X 
singular on the diagonal of X x X and smooth outside the diagonal. The Szego kernel 
S can be expressed via the Bergman kernels B m as follows, S = J2 m >o^ m ^ wnere the 
sum should be understood as a sum of generalized functions. 

For (a, (3) G X x X and 6 e E set rg(a,j3) = (e t9 a,/3). Since each Tt m is a weight 
space of the S^-action in the Hardy space TC, one can recover B m from the Szego kernel, 

(5.1) B m = ^- e- m9 r* Sd6. 

^ Jo 

This equality should be understood in the weak sense. 

Let Ei,E 2 be closed disjoint subsets of M. Set Fj = r~ l (Ei) fl X, i = 1,2. Thus 
Fi,F 2 are closed disjoint subsets of X or, equivalently, Fi x F 2 is a closed subset of 
X x X which does not intersect the diagonal. For S and B m considered as smooth 
functions outside the diagonal of X x X equality ( |5.1| ) holds in the ordinary sense, from 
whence it follows immediately that 

(5.2) sup \B m \ = O 



Fix> 2 ' \m N 



for any X G N. 

Now let E be a closed subset of M and x £ M \ E. Then ( |5.2j) implies that 



(5.3) supv m (x,y) = 

for any X G N. 



1 



In [41] Zelditch proved that the function u m on M expands in the asymptotic series 



u m ~ m n ^2 r>Q (l/m r )b r as m — » +oo, where 6 — 1 ( ra — (1/2) dim^M). More 
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precisely, he proved that for any k, N G N 

JV-l 




0{m 



n-N 



)• 



(5.5) sup — = 



M U m 




Using ( |4.6|) ,(|5.3| ) and ( |5.5| ) it is easy to prove the following proposition. 

Proposition 5.1. Let f G C°°(M) be a function vanishing in a neighborhood of a 
point x G M. Then \(I (m ^f)(x)\ = 0{l/m N ) for any N G N, i.e., (J (m) /)(x) is rapidly 
decreasing as m — > +oo. 

Thus for arbitrary / G C°°(M) and x G M the asymptotics of (I^f)(x) as m — > +oo 
depends only on the germ of the function / at the point x. 

Let E be a closed subset of M. Fix a point x G M \ E. The function w m (x,y,z) 
with y £ E can be estimated using (fOj) and ( [4.5[ ) as follows. 

(5.6) \w m (x, y,z)\ 2 < v m (x,y)u m (x)u m (y)(u m (z)) 2 . 

Using (|yf), (U) and flSTBD we obtain that for any N eN 



for any iVeN. 

Using ( |4.7|) , (|5.5|) ) (|5.7|) and (|5.8|) one can readily prove the following proposition. 

Proposition 5.2. For x G M and arbitrary functions f,g G C°°(M) s«c/i t/iat f or g 
vanishes in a neighborhood of x Q^ m \f, g)(x) is rapidly decreasing as m — > +oo. 

This statement can be reformulated as follows. For arbitrary /, g G C°°(M) and 
x G M the asymptotics of Q^ m \f, g)(x) asm-* +oo depends only on the germs of the 
functions /, g at the point x. 

We are going to show how formal integrals can be obtained from the method of 
stationary phase. 

Let be a smooth function on an open subset U C M such that (i) Re <fi < 0; 
(ii) there is only one critical point x c G U of the function 0, which is moreover a 
nondegenerate critical point; (iii) <p(x c ) = 0. 

Consider a classical symbol p(x, m) G S°(U x R) (see |21] for definition and notation) 
which has an asymptotic expansion p ~ Xlr>o(-'-/ mr )A , ( x ) sucn that po( a; c) 7^ 0, and a 
smooth nonvanishing volume form dx on {7. Set p(m) = p(m, x)dx. 



(5.7) 



sup 

y&E,z&M 




Similarly, 



(5.8) 



sup 

y£M,z&E 
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We can apply the method of stationary phase with a complex phase function (see 



21] and pq|) to the integral 



(5.9) S m (f) = / e m ^/i(m), 

Ju 

where / G Cq°(U). Notice that the phase function in ( |5.9| ) is (l/i)4> so that the condition 
Im ((l/i)0) > is satisfied. 

Taking into account that diniR M = 2n and <f>(x c ) = we obtain that S m (f) expands 
to an asymptotic series S m (f) ~ S£Lo(V mn+r )-^**(/) asm-> +oo. Here K r , r > 0, 
are distributions supported at x c and K = c n 5 Xc , where c n is a nonzero constant. 
Thus F(5 m (/)) = v n K(f), where F is the "formalizer" introduced in Section ^| and 
K is the functional defined by the formula K = ^2 r>0 v r K r . Consider the normalized 

functional K(f) = K(f)/K(l), so that K(l) = 1. Then ¥(S m (f)) = c(u)K(f), where 
c(y) = v n c n + . . . is a formal constant. 

Proposition 5.3. For f G C£°(U) S m (f) given by $.9[) expands in an asymptotic 
series in 1/m as m — > +oo. ¥(S m (f)) = c(v)K(f), where K is the formal integral at 
the point x c associated to the pair ((l/z/)0, F(/x)) and c(u) is a nonzero formal constant. 

Proof. Conditions (a-c) of the definition of formal integral are satisfied. It remains to 
check condition (d). Let £ be a vector field on U. Denote by the corresponding 
Lie derivative. We have = J u L^e m<t ' f //(m)) = /^^(^ + (m£0 + div^)f)fx(m). 

Applying F we obtain that = F^ e m<t> {^f + (m£0 + div„f)/)/i(m)) = c(y)KUf + 
(£((l/z/)0) + divF(^)£)/J, which concludes the proof. □ 



Our next goal is to get an asymptotic expansion of the Bergman kernel B m in a 
neighborhood of the diagonal of X x X as m — > +oo. An asymptotic expansion of 
B m on the diagonal of X x X was obtained in (see (|5.4j )). As in f41| , we use the 



integral representation of the Szego kernel S given by the following theorem. We denote 
n = dime M. 

Theorem 5.4. (L. Boutet de Monvel and J. Sjostrand, 0, Theorem 1.5. 
and § 2.c) Let S(oi,/3) be the Szego kernel of the boundary X of the bounded strictly 
pseudoconvex domain D in the complex manifold L* . There exists a classical symbol 
a G S n (X x X x ]R + ) which has an asymptotic expansion 

oo 

a(a,(3,t) ~ y~V~ fc a fc (q,/3) 

k=0 

so that 



(5.10) S(a,P)= j ttp{a > p) a{a,P,t)dt, 

Jo 

where the phase (p(oc, 0) G C°°(L* x L*) is determined by the following properties: 
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• <p(<x,a) = (l/i)(fc(a) - l); 

• d a ip and dptp vanish to infinite order along the diagonal; 

• <p(pt,P) = -(p((3,a). 

The phase function (p is thus almost analytic at the diagonal of L* x L*. It is 
determined up to equivalence at the diagonal. 

Fix an arbitrary point xq G M. Let s be a local holomorphic frame of L* over a 
contractible open neighborhood U C M of the point Xq with local holomorphic co- 
ordinates {z k }. Then a(x) = s(x)/ ^Jk(s(x)) is a smooth section of X over U. Set 
= log/c(s(x)), so that 

(5.11) a(x) = e ( - 1/2) *" l(x) s(x). 

It follows from the fact that L is a quantum line bundle (i.e., that U-\ is the curvature 
form of the Hermitian holomorphic line bundle L) that $_i is a potential of the form 
U-i on U. 

Let $_i(x, G C°°(U x [/) be an almost analytic extension of the potential $_i from 
the diagonal of C/ x U. Denote D_ 1 (x,y) := <l_i(a;,?/) + $-1(2/, a;) — $_i(x) — $_!(?/). 
Since $_i(x,a;) = $_i(a;), we have D_i(x, x) = 0. In local coordinates 

(5.12) D- X (x,y) = -Q X0 (x -y) + 0(\x - y\ 3 ), 
where 

is a positive definite quadratic form (since uj_i is a Kahler form). 
The following statement is an immediate consequence of ( |5.12| ). 

Lemma 5.5. There exists a neighborhood U' C U of the point Xq such that for any two 
different points x,y £ U' one has Re D_i(x,y) < 0. 

Taking, if necessary, (l/2)($_i(x,?/)-|- < I ) _i(y,x)) instead of $_i(x, y) choose $_x such 

that $_i(?/,x) = $_i(x,y). Replace U by a smaller neighborhood (retaining for it the 
notation U) such that Re D_i(x,y) < for any different x,y from this neighborhood. 

For a point a in the restriction L*\u of the line bundle L* to U represented in the 
form a = vs(x) with v G C,x G C/ one has fc(a) = |f | 2 /c(s(x)) . 

One can choose the phase function ip(a,/3) in ( |5.10| ) of the form 

(5.13) cp(a, 0) = (1/i) (™e LlM - l) , 

where a = vs(x),j3 = ws(y) G L*\ v . 

Denote x{ x ,v) '■= $-i( x ,y) ~ (^/^)^-ii. x ) - (1/2)<L>_! (2/) . Notice that x( x > x ) = °- 
The following theorem is a slight generalization of Theorem 1 from [[Hp . 



IDENTIFICATION OF BEREZIN-TOEPLITZ DEFORMATION QUANTIZATION 



17 



Theorem 5.6. There exists an asymptotic expansion of the Bergman kernel B m (a(x) , a(y)) 
on U x U as m — > +oo ; of the form 



(5.14) 



B m (a(x),a{y)) ~ m n e mx ^ £)(l/m r )&r(z, y) 



r>0 



such that (i) for any compact E G U x U and N G N 



(5.15) 



sup 

(x,y)£E 



N-l 



B m (ai(x),a{y)) - m n e 



— m n p mx ( x ' y } 



^2(l/m r )b r (x,y) 



r=0 



0(m n - N ); 



(ii) b r (x,y) is an almost analytic extension ofb r (x) from the diagonal ofUxU, where 
b r , r > 0, are given by / |5.^ j; i n particular, bo(x,x) = 1. 

Proof. Using integral representations (|5.1|) and ( |5.10|) one gets for x,y E U 

r2n poo 



1 

2^ 



(5.16) £ m (a(x),a(y)) 

'o Jo 

Changing variables t i— > mt in (|5.16|) gives 

"2-7T /"OO 



Amejt v {re<x{x)Mv)) a (r ea (x^ a (y),t)d6dt. 



m 



(5.17) B m (a(ar),a(y)) = — 

Ztt 



o Jo 



Jm(tip(rga(x),a(y))-9) 



a(rga(x), a(y),mt)d9dt. 



In order to apply the method of stationary phase to the integral in ( p.17 ) the following 
preparations should be made. 

Using ( |5.13| ) and ( p. 11] ) express the phase function of the integral in ( 5.17| ) as follows: 

(5.18) Z{t, 6; x, y) := t<p(r e a(x), a{y)) -6 = (t/i) (e w e x(x ' y) -l) -6. 

In order to find the critical points of the phase Z (with respect to the variables (t, 9); 
the variables (x, y) are parameters) consider first the equation 

(5.19) d t Z{t, 9- x, y) = (1/z) (e l6 e x(x ' y) - l) = 0. 



It follows from x) = $_i(x, y) that Re x(x, y) = (l/2)D_ 1 (x,y). Since D_ x (x, y) < 

for x y one has |e x ^'^| = e Rex ^ x ' v ^ < 1 for x ^ y whence it follows that (|5.19|) 
holds only if x = y and thus Z has critical points only if x = y. Since x{ x i x) = one 
gets that d t Z(t,9;x,x) = (l/i)(e l6 — 1) and deZ(t,6;x,x) = te %e — 1. As in the proof 
of Theorem 1 from |4l]], one shows that for each x G U the only critical point of the 
phase function Z(t, 9; x, x) is (t = 1, 9 = 0). It does not depend on x and, moreover, is 
nondegenerate. 

One has Im Z(t,9;x,y) = Im {(t/i)(e w e x{x ^ - 1) - 9) = t(l - Re ( e ie e x{x ^)) > 
since |e x ^ ,s/ ^| < 1. 

Finally, a simple calculation shows that the germs of the functions Z(t, 9; x, y) and 
(l/i)x(x, y) at the point (t — 1, 9 = 0, x = x , y = x ) are equal modulo the ideal 
generated by d t Z and d$Z. 
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Applying now the method of stationary phase to the integral in ( 5.17| ) one obtains 
the expansion Q5.14Q satisfying ( |5.15| ). 

It follows from (|5T4]) and ( fO|) that b r (x, x) = b r (x) and bo(x,x) = bo(x) = 1. It 
remains to show that all b r ,r > 0, are almost analytic along the diagonal of U x U. 
One has 

B m (a(x),a(y)) = e^ m ^-^ + ^-^B m (s(x),s(y)). 

The function B m (s(x), s(y)) is holomorphic on U x U. Let £ and r] be arbitrary holomor- 
phic and antiholomorphic vector fields on U, respectively. Then £ y B m (s(x),s(y)) = 
and T] x B m (s(x), s(y)) = (the subscripts x, y show in which variable the vector field 
acts). Thus 

( Vx + r ^r lx ^_ 1 {x))B m {a{x),a{y)) = e^ m /^-^^ x e^ 2 ^-^B m {a{x),a{y)) = 0. 

Analogously, (£ y + (m/2)£ y $-.i(x))B m (a(x), a(y)) = 0. Let A N be a product of N 
derivations on U X U. Then, using integral representation ( p. 17] ), expand = A N (rj x + 
(m/2)r] x Q>-i(x))B m (a(x), a(y)) to the asymptotic series 

(5.20) 

A N (v* + ^V^-i(x)) (m n e m ^ ^r(l/m> r (x,y)) = e m ^ ^(l/m r )c r (x, y) 

r>0 r>ro 

for some c r G C°°(U x U) and tq G Z, and with the norm estimate of the partial sums 
in the r.h.s. term in ( |5.20| ) analogous to (|5.15|) . Since x(x, x) = one gets that all 
c r (x,x) = 0. From this fact one can prove by induction over iV that r] x b r vanishes to 
infinite order at the diagonal of U x U. Similarly, ^ y b r vanishes to infinite order at the 
diagonal. Thus b r is almost analytic along the diagonal. □ 

Choose a symbol b(x,y,m) G S°((U x U) X R) such that it has the asymptotic 
expansion b ~ Y^Lo(l/ mr )br- Then B m (a(x),a(y)) is asymptotically equivalent to 
m n e mx ( x ' y ^b(x, y, m) on U x U. One has x{ x -,y) + x{u^ x ) — &-i( x ,y) + ^-1(2/? ^0 — 
$_i(x) - $_i(y) = £>_i(ar, y) and x(x, y) + x(y, 2) + = $-i(s> 2/) + ®-i(v, z ) + 

&-i(z, x) — $_i(x) — $_i(y) — $-1(2) = T-i(x,y, z) (the last equality is the definition 
of T_i). Thus the functions 

v m (x,y) = B m (a(x),a(y))B m (a(y),a(x)) and 

w m (x,y,z) = B m (a(x),a(y))B m (a(y),a(z))B m (a(z),a(x)) 

are asymptotically equivalent to 

m 2n e mD_1 ^'^6(x, y, m)b(y, x, m) and m 3n e mT - l( - x,y,z ^b(x, y, m)b(y, z, m)b(z, x, m) 

respectively. It is easy to show that for the functions <j?Li{y) = D_i(x, y) and V'-iG/j z) = 
T_i(x,y, z) the points y = x and (y,z) = (x,x) respectively are nondegenerate critical 
ones. 
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Since bo(x,x) = 1 one can take a smaller contractible neighborhood V <e U of Xo 
such that bo(x, y) does not vanish on the closure of V x V . One can choose V such that 
for any x G V the only critical points of the functions (jfL^y) on V and ^^(y, z) on 
V x V are y = x and (y, z) = (x, x) respectively. 

The identity T_i(x, y,z) = (l/2)(D_i(x,y) + D_i(y,z) + D_i(z,x)) implies that 
Re T_i(x, y, z) < for x,y,z G V. 

The symbol b(x, y, m) does not vanish on V x V for sufficiently big values of m. It 
follows from ( |5.4| ) that l/u m (x) and (m n b(x,x,m))~ 1 are asymptotically equivalent for 
x (z V. Denote 

(5.21) 

b(x,y,m)b(y,x,m) , _ b(x,y,m)b(y, z,m)b(z, x,m) 

fJ>x{m) = tt r /^(m) = r 

b(x } x } m) b{x,x,m) 

Taking into account (|4.6|) we get for f,g G C^°(y) and isV the following asymptotic 
equivalences, 

(5.22) 

{I^f){x)~m n [ e m *-iffj, x (m) and Q( m \f,g){x)~m 2n [ e m ^(f ® g)fx x (m). 

JV JVxV 

(In (PD (f®g)(y,z) = f{y)g(z).) 

Applying Proposition |5.3| to the first integral in ( |5.22| ) we obtain thatF((/( m )/)(x)) = 
c(i/,x)L^.(f), where the functional on .F(V) is the formal integral at the point x 
associated to the pair ((l/z/)0^ 1 , W((/, x )) and c(u,x) is a formal function. It is easy to 
show that c(is, x) is smooth. 

Similarly we obtain from (|5.22|) that W(Q( m \f, g)(x)) = d(u,x)L^(f ® g) where the 



functional L® on T{V x V) is the formal integral at the point (x, x) associated to the 
pair ((l/i/^f^F^a;)) and d(u,x) is a smooth formal function. 

Since the unit constant 1 is a contravariant symbol of the unit operator 1, = 
1, and a(l) = 1, we have 1^1 = l,Q( m >(l,l) = 1, and thus ¥(I^ m h) = 1 and 
FfQ' m ^(l, 1)) = 1. Taking the functions /, g in ( |5.22| ) to be equal to 1 in a neighborhood 



of x and applying Proposition [STL] and Proposition |5.2| we get that c(u, x) = 1 and 
d(z/, x) = 1. 

Since bo(x, y) does not vanish on V x V we can find a formal function s(x, y) on V x V" 
such that ¥(b(x,y,m)) = e s< ^ x,v \ Set s(x) = s(x,x). In these notations 

(5.23) W(fi x ) = exp(s(x, y) + s(y, x) - s(x))Q(y) and 

F(//a.) = exp(s(x, y) + s(y, z) + s(z, x) - s(x))£l(y)Q(z) . 



It follows from Theorem |5.6| that s is an almost analytic extension of the function s 
from the diagonal of V x V. According to ( |5.4j) , F(u m ) = (1/V™)e s . 

Denote $ = + 5, $ = (l/v)$_i + s, D(x,y) = $(x,y) + $(y,x) - $(x) - 

= (V ^)£>-i(^, y) + (s(x, y) + s(y, ar) - s(x) - s(y)), T(x, y, z) = <§(x, y) + z) + 
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$(z,x) - $(x) - $(y) - $(z). The pair ((l/z/)0^ 1; F^)) = exp(s(x, y) + 

s(y,x) — s(x))Cl(y)) is then equivalent to the pair ((p x ,e s fl), where 4> x (y) = D(x,y). 
Similarly, the pair ((1/ z/)-0f. l5 ¥(p x )) is equivalent to the pair (ip x , e s Q (g> e s f2), where 
ip x (y,z) = T(x,y,z). 

Thus we arrive at the following proposition. 

Proposition 5.7. For f,g G Cq°(V), x G V, (l {m) f)(x) and Q^ m \f, g)(x) expand in 
asymptotic series in l/m asm-* +oo. ¥((l^f) (x)) = L x (f) and¥(Q ( - m \f, g)(x)) = 
L®(f ® p), where the functional L x on J-(V) is the formal integral at the point x 
associated to the pair ((fi x , e s fl) and the functional on T{V x V) is the formal integral 
at the point (x, x) associated to the pair (ip x , e s Q ® e s Q). 

Now let * denote the star-product with separation of variables on (V, o>_i) corre- 
sponding to the formal deformation uo = —idd$> of the form (l/u)u-i, so that $ is 
a formal potential of to. Let / be the corresponding formal Berezin transform, uj the 
formal form parametrizing the dual star-product * and ^ the solution of ( |2.3| ) so that 
Ptr = e^ + ^dzdz is a formal trace density for the star-product *. 

Choose a classical symbol p(x,m) G S°(V x R) which has an asymptotic expansion 
P ~ Yl,r>o(^/ mT )Pr sucn that 

(5.24) ¥(p)e s Vt = p tr . 

Clearly, ( |5.24| ) determines F(p) uniquely. 

For / G Co°(y) and 16^ consider the following integral 



(5.25) (P m /)(a;)=m n / e m ^fpp x , 

where ^liv) = D-\(x,y) and p x is given by Q5.21|) . 

Proposition 5.8. For f G C£°(V) and x G V (P m f)(x) has an asymptotic expansion 
in l/m as m — ► +oo. Ff(P TO /)(x)J = c(u)(I f)(x), where c{y) is a nonzero formal 
constant. 

Proof. It was already shown that the phase function (l/i)(j) x _ 1 of integral ( |5.25| ) satis- 



fies the conditions required in the method of stationary phase. Thus Proposition 5.3 



can be applied to (|5.25|) . We get that Ff (P m f)(x)j = c(v,x)K x (f), where K x is a 



formal integral at the point x associated to the pair ((l/u)(f) x _ 1 , ¥(pp x )) and c(u, x) is 
a nonvanishing formal function on V. It follows from (|5.23|) and ( |5.24| ) that ¥(pp 2 



¥(p)¥(p x ) = ¥(p)exp(s(x,y) + s(x,y) - s(x))Q(y) = exp(s(x,y) + s(x,y) - s(x) - 
s{y))Ptr = exp(D(x,y) - {l/v)D_ l (x,y))p tr = exp((f) x - (l/v)^)^, where <p x (y) = 
D(x,y). The pair {{l/i')(j) x _ 11 ¥(pfi x )) is thus equivalent to the pair ((f) x ,p tr )- Applying 



Theorem 3.2 we get that 



(5.26) ¥((P m f)(x))=c(u,x)(lf)(x). 



IDENTIFICATION OF BEREZIN-TOEPLITZ DEFORMATION QUANTIZATION 



21 



It remains to show that c(u,x) is actually a formal constant. Let x\ be an arbitrary 
point of V. Choose a function e G Cq°(V) such that e = 1 in a neighborhood W C V 
of x\. Let £ be a vector field on V. Then, using ( |5.23| ), we obtain 



(5.27) k^M+^i—iv) 
v V fix 



-CcD-i{x } y) + £x(s( x > V) + s ( x > V) ~ s ( x )) = CxD(x, y) = i x (p x . 
On the one hand, taking into account ( |5.27D we get for x G W that 
(5.28) 

F((£P m e)(a;)) = F(m^e m ^epp^ = F (m"jf (m&fa + ^) epp^ = 

c(z/,x)/0^i(y) + F(^(y)^ =c(z/,a;)/(^) =0. 

The last equality in ( |5.28| ) follows from Lemma |3.3| . On the other hand, for x G 
W we have from ( |5.26| ) that F((P m e)(ar)J = c(z/, x), from whence Ff (£P m e)(a;)) = 
£F((P m e)(x)) = £c(z/, x). Thus we get from ( |5.28| ) that £c(u,x) = on W for an 
arbitrary vector field £, from which the Proposition follows. □ 

It follows from flOg ) and (|Q5|) that for / G C °°(F) {l {m \f p)) (x) is asymptotically 
equivalent to (P m f)(x). Passing to formal asymptotic series we get from Proposition 
and Proposition^| that c{v){If){x) = W((P m f)(x)) = F((/( m )(/p)) (a;)) = L^(/F(p)), 
where L ! x is the formal integral at the point x associated to the pair ((p x , e s Q). Thus 

(5.29) c(u)(If)(x) = Li(f¥(p)). 

The formal function F(p) is invertible (see ( |5.24| )). Setting / = 1/F(p) in ( |5.29| ) we get 
c(u) (/(1/F(p))) (x) = ^(1) = 1 for all x G V. Since the formal Berezin transform is 
invertible and 1(1) = 1, we finally obtain that 

(5.30) F(p) = c(v). 



Now ( 5.24 ) can be rewritten as follows, 

(5.31) c(u)e s Q = dp tr = e* + *dzdz. 

In local holomorphic coordinates the symplectic volume Q can be expressed as follows, 
Q = e e dzdz. The closed (l,l)-form u can = —iddO does not depend on the choice of 
local holomorphic coordinates and is defined globally on M. The form u can is the 
curvature form of the canonical connection of the canonical holomorphic line bundle on 
M equipped with the Hermitian fibre metric determined by the volume form Q. Its de 
Rham class e = [uJ C an\ is the first Chern class of the canonical holomorphic line bundle 
on M and thus depends only on the complex structure on M. The class e is called the 
canonical class of the complex manifold M. 
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One can see from ( |5.31|) that c(u) = c + vc\ + . . . , where c 7^ 0. Thus there exists 
a formal constant d{y) such that e d ^ = c{y) and d(u) + s + # = $ + \E'. Therefore the 
formal potential \I/ of the form Co is expressed explicitly, \I/ = d(v) — (l/z/)$_i + 9, from 
whence it follows that 

(5.32) Co = -(1/ U)U-1 + LO C an- 

Formula ( |5.32 ) defines Co globally on M. Thus the corresponding star-product * and 
therefore its dual star-product oo are also globally defined. 



Theorem p.2| , Theorem [3.4| , Proposition |5.1| , Proposition |5.2| Proposition |5.7| , formulas 
( |5.29|) , ( 5.30|) and (|5.31|) imply the following theorem, which is the central technical 
result of the paper. 

Theorem 5.9. For any f,g G C°°(M) and x G M (I^f)(x) and Q {m) (f,g)(x) 
expand to asymptotic series in 1/m as m — > +00. F^(/M/)( x )j = (If)(x) and 

F(<5 < - m ' ) (/, g)(x)) = Q{f, g){ x )> where I and Q are the formal Berezin transform and 
the formal twisted product corresponding to the star-product with separation of variables 
•k on (M,u)-i) whose dual star-product * on (M, — u-i) is parametrized by the formal 
form u = -(l/VV_i + u can . 

Remark. As shown in |37j we have the following chain of inequalities 

(5.33) |/ (m) (/)loo = |a(T) m) )| 00 < ||T) m) || < [f^ . 

Here ||..|| denotes the operator norm with respect to the norm of the sections of L m 
and I .. |oo the sup-norm on C°°(M). Choose as x e G M a point with |/(x e )| = |/|oo- 
From Theorem |5j] and the fact that the formal Berezin transform has as leading term 
the identity it follows that |(/( m ) f)(x e ) — f(x e )\ < A/m with a suitable constant A. 
This implies |/(ar e )| — f )(x e )\ | < A/m and hence 

(5-34) |/| oo _i = |/( a;<s )|_i < |(/( m )/)(x e )| < |a (m) /)U. 

m m 

Putting (|5.33| ) and ( |5.34| ) together we obtain 



A 



(5-35) l/loo -- < ll^ m) || < l/l 



m 



This provides another proof of H|, Theorem 4.1. 



6. The identification of the Berezin-Toeplitz star-product 

In this section * will denote the star-product with separation of variables on (M, U-i) 
whose dual * is the star-product with separation of variables on (M, —0J-1) parametrized 
by the formal form Co = — (l/v)a;_i + oo can . 

Let 1 = 1 + vl\ + v 2 l 2 + . . • and Q = Q + vQ\ + . . . denote the formal Berezin 
transform and the formal twisted product corresponding to *. Theorem |5.9| asserts 
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that for given /, g G C°°(M), r G N, x G M there exist constants A,B such that for 
sufficiently big values of m the following inequalities hold: 



(6.1) 



(6.2) 



i=0 
r-l 



< 



A 



m' 



Q {m \f,9){x)-Y.—Mfi9){x) 
z — ✓ m % 

i=0 



< 



B 



It was proved in [pq1 ,p8| that Berezin-Toeplitz quantization on a compact Kahler 
manifold M gives rise to a star-product on M. This star-product * BT is given by a se- 
quence of bilinear operators {Ck}, k > 0, on C°°(M) satisfying the following conditions. 
For f,g G C°°(M) and any r G N there exists a constant C such that 



(6.3) 



rp(m)rp(m) _ rp{m) 

f 9 ' f*[r}9 



< C/m r 



where f *m g = ^21=0^ / mk )Ck{f , d)- The conditions (|6.3|) determine the star-product 
-k BT uniquely. We call * the Berezin-Toeplitz star-product. 

Recall that for /, g G C°°(M) a{T\ m) ) = 7^(/), a(T} m) T 9 (m) ) = Q {m) (f,g). 



Passing from operators to their covariant symbols in ( |6.3| ) and using the inequality 
\a{A)\ < \\A\\ we get that 

(6.4) \Q( m \f,g)(x)-l( m \f* [r] g)(x)\ <C/m r . 

It follows from ( |6. 1| ) that 

±I^(C k (f,g))(x)- £ J-^(C fc (/, ,))(*) 



(6.5) 



i=0 



m' 



< 



Summing up inequalities ( |6.2| ) and (|6.5|) for k = 0, 1, . . . , r — 1, we obtain that 
(6.6) (Q im) (f,g)(x)-I^(f* [r] g)(x) 



< 



D 



i=0 j+k=i 

for some constant -D. It follows from ( |6.4|) and (|6.6| ) that 

r-l 

i=0 j+k=i 

for some constant 75, which infers that for i — 0, 1, . . . 
(6-7) Qi(/,0)= E 



< 
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Equalities (|6.7| ) mean that Q(f,g) = I(f * BT g). Since I is invertible we immedi- 
ately obtain that the star-products *•' and -k BT coincide. Thus the Berezin-Toeplitz 
deformation quantization is completely identified as the deformation quantization with 
separation of variables on (M, uJ-\) whose star-product -k BT is opposite to *. 

Using ( |2.2| ) we can calculate the characteristic class cl{-k BT ) of the Berezin-Toeplitz 
star-product * BT . 

It follows from ( |2.2|) and (|5.32|) that the characteristic class of the star-product * 
equals to d{*) = (l/i)(-[(l/i/)a;_i] +e/2). It is easy to show that the characteristic 
class of the opposite star-product *' is equal to — c/(*). Since * BT = we finally get 
that the characteristic class of the Berezin-Toeplitz deformation quantization is given 
by the formula d(* BT ) = (l/i)([(l/i/)o;_ 1 ] - e/2). 

The characteristic class of the Berezin-Toeplitz deformation quantization was first 
calculated by Eli Hawkins in |2{J by K-theoretic methods. 

As a concluding remark we would like to draw the readers attention to the fact that 
the classifying form u of the star-product * is the formal object corresponding to the 
asymptotic expansion as m — > +00 of the pullback co^ m ' of the Fubini-Study form on 
the projective space F(H^) via Kodaira embedding of M into P(if^). Here denotes 
the Hilbert space dual to H m = Thoi(L m ) (see Section It was proved by Zelditch [fil l 
that u/ m ) admits a complete asymptotic expansion in \ jm as m — ► +00. As an easy 
consequence of the results obtained in this article one can show that Ff^" 1 )) = u. 



References 

[1] F. Bay en, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer, Deformation theory and 
quantization, Part I, Lett. Math. Phys. 1 (1977), 521-530. Deformation theory and quantization, 
Part II and III, Ann. Phys. Ill (1978), 61-110, 111-151. 

[2] St. Berceanu, and M. Schlichenmaier, Coherent state embeddings, polar divisors and Cauchy 
formulas, math.QA/9902066, to appear in JGP. 

[3] F.A. Berezin, Quantization, Math. USSR-Izv. 8 (1974), 1109-1165. 

[4] F.A. Berezin, Quantization in complex symmetric spaces, Math. USSR-Izv. 9 (1975), 341-379. 
[5] M. Bertelson, M. Cahen, and S. Gutt, Equivalence of star products, Classical Quantum Gravity 
14 (1997), A93-A107. 

[6] M. Bordemann, E. Meinrenken, and M. Schlichenmaier, Toeplitz quantization of Kahler manifolds 
and gl(n),n -> 00 limits, Commun. Math. Phys. 165 (1994), 281-296. 

[7] M. Bordemann, and St. Waldmann, A Fedosov star product of the Wick type for Kahler manifolds, 
Lett. Math. Phys. 41 (1997), 243-253. 

[8] L. Boutet Monvel, and V. Guillemin,The spectral theory of Toeplitz operators. Ann. Math. Stud- 
ies, Nr. 99, Princeton University Press, Princeton, 1981. 

[9] L. Boutet de Monvel, and J. Sjoestrand, Sur la singularity des noyaux de Bergman et de Szego, 
Asterique 34-35 (1976), 123-164. 
[10] M. Cahen, S. Gutt, and J. Rawnsley, Quantization of Kahler manifolds I: Geometric interpretation 

of Berezin's quantization, JGP 7 (1990), 45-62. 
[11] M. Cahen, S. Gutt, and J. Rawnsley, Quantization of Kahler manifolds II, Trans. Amer. Math. 
Soc. 337 (1993), 73-98. 

[12] M. Cahen, S. Gutt, and J. Rawnsley, Quantization of Kahler manifolds III, Lett. Math. Phys. 30 
(1994), 291-305. 



IDENTIFICATION OF BEREZIN-TOEPLITZ DEFORMATION QUANTIZATION 



25 



M. Cahen, S. Gutt, and J. Rawnsley, Quantization of Kahler manifolds IV, Lett. Math. Phys. 34 
(1995), 159-168. 

M. De Wilde, and P.B.A. Lecomte, Existence of star products and of formal deformations of the 
Poisson-Lie algebra of arbitrary symplectic manifolds, Lett. Math. Phys. 7 (1983), 487-496. 
P. Deligne, Deformation de l'algebre des fonctions d'une variete symplectique: Comparaison entre 
Fedosov et De Wilde,Lecomte, Sel. Math., New Ser. 1 (1995), 667-697. 
M. Englis, The asymptotics of a Laplace integral on a Kahler manifold, preprint 1999. 
B. V. Fedosov, Deformation quantization and index theory, Akademie Verlag, Berlin, 1996. 
B. V. Fedosov, Deformation quantization and asymptotic operator representation, Funktional 
Anal. i. Prilozhcn. 25 (1990), 184-194. A simple geometric construction of deformation quan- 
tization, J. Diff. Geo. 40 (1994), 213-238. 

V. Guillemin, Star products on pre-quantizable symplectic manifolds, Lett. Math. Phys. 35 (1995), 
85-89. 

E. Hawkins, The Correspo ndence between Geometric Quantization and Formal Deformation 
Quantization, preprint 1998, ma th/9811049| 

L. Hormander, The Analysis of Linear Partial Differential Operators I, Distribution Theory and 
Fourier Analysis, Springer Verlag, New York, 1983. 

A. V. Karabegov, Deformation quantization with separation of variables on a Kahler manifold, 
Commun. Math. Phys. 180 (1996), 745-755. 

A. V. Karabegov, Cohomological classification of deformation quantizations with separation of 
variables, Lett. Math. Phys. 43 (1998), 347-357. 

A.V. Karabegov, On the canonical normalization of a trace density of deformation quantization, 
Lett. Math. Phys. 45 (1998), 217-228. 

A.V. Karabegov, Pseudo-Kahlcr quantization on flag manifolds, Commun. Math. Phys. 200 
(1999), 355-379. 

A.V. Karabegov, On Fedosov's approach to deformation quantization with separation of vari- 
ables, to appear in the Proceedings of the Conference Moshe Flato 1999, (eds. G. Dito, and D. 
Sternheimer), Kluwer, frnath/9903031 . 



M. Kontsevich, Deformation quantization of Poisson manifolds,I, |q-alg/9709040| . 
A. Melin, and J. Sjdstrand, Fourier integral operators with complex-valued phase functions, Lect. 
Notes Math. 459, 120-223 (1975). 

C. Moreno, ^-products on some Kahler manifolds, Lett. Math. Phys. 11 (1986), 361-372. 
C. Moreno, and P. Ortega-N avarro, ^-products on D 1 (C), S 2 and related spectral analysis, Lett. 
Math. Phys. 7 (1983), 181-193. 

R. Nest, and B. Tsygan, Algebraic index theory, Commun. Math. Phys. 172 (1995), 223-262. 

Algebraic index theory for families, Advances in Math 113 (1995), 151-205. 

H. Omori, Y. Maeda, and A. Yoshioka, Weyl manifolds and deformation quantization, Advances 

in Math 85 (1991), 224-255. Existence of closed star-products, Lett. Math. Phys. 26 (1992), 

284-294. 

,/. H. Rawnsley, Coherent states and Kahler manifolds, Quart. J. Math. Oxford Ser. (2) 28 (1977), 
403-415. 



N. Reshetikhin, and L. Takhtajan, Deformation quantization of Kahler manifolds, math/9907171 



M. Schlichenmaier, Zwei Anwendungen algebraisch-geometrischer Methoden in der theoretischen 
Physik: Berezin-Toeplitz-Quantisicrung und globale Algebren der zweidimensionalen konformen 
Feldtheorie, Mannheim, 1996. 
[36] M. Schlichenmaier, Berezin-Toeplitz quantization of compact Kahler manifolds, in: Quantiza- 
tion, Coherent States and Poisson Structures, Proc. XlV'th Workshop on Geometric Methods 
in Physics (Bialowieza, Poland, 9-15 July 1995) (A. Strasburger, S.T. Ali, J.-P. Antoine, J.-P. 



26 



A.V. KARABEGOV AND M. SCHLICHENMAIER 



Gazeau, and A. Odzijewicz, eds.), Polish Scientific Publisher PWN, 1998, |q-alg/9601016| , pp. 101- 
115. 

[37] M. Schlichenmaier, Berezin-Toeplitz quantization and Berezin symbols for arbitrary compact 
Kahler manifolds, to appear in the Proceedings of the XVII th workshop on geometric methods in 
physics, Bialowieza, Poland, July 3 - 10, 1998, ( |math.QA/9902066| ), 1998. 

[38] M. Schlichenmaier, Deformation quantization of compact Kahler manifolds by Berezin-Toeplitz 
quantization, to appear in the Proceedings of the Conference Moshe Flato 1999, (eds. G.Dito, and 
D. Sternheimer), Kluwer, [math.QA/9910137 

[39] G. Tian, On a set of polarized Kahler metrics on algebraic manifolds, J. Differential Geom. 32 
(1990), 99-130. 

[40] P. Xu, Fedosov ^-products and quantum momentum maps, Commun. Math. Phys. 197 (1998), 
167-197. 

[41] S. Zelditch, Szego kernels and a theorem of Tian, Int. Math. Res. Not. 6 (1998), 317-331. 

(Alexander V. Karabegov) Theory Division, Yerevan Physics Institute, Alikhanyan bros. 
2, Yerevan 375036, Armenia 

E-mail address: karabeg@uniphi .yerphi . am 

(Martin Schlichenmaier) Department of Mathematics and Computer Science, University 
of Mannheim, D7, 27, D-68131 Mannheim, Germany 
E-mail address: schlichenmaier@math.uni-mannheim.de 



